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1 Preliminaries

If (G, ·, e) is a group (e denotes the identity of G), then the set L(G) consis-
ting of all subgroups of G is partially ordered with respect to set inclusion.
Moreover, any subset of L(G) has a greatest lower bound in L(G) (the in-
tersection of all its elements) and a least upper bound in L(G) (the join of
all its elements). Therefore L(G) is a complete lattice with initial element
the trivial subgroup {e} and final element G, called the subgroup lattice of
G. Its binary operations will be denoted by ∧ and ∨. Note that we have
X ∧Y = X ∩Y (= the intersection of X and Y ) and X ∨Y = 〈X, Y 〉 (= the
subgroup generated by X and Y ), for any two subgroups X, Y of G.

Let N(G) be the subset of L(G) consisting of all normal subgroups of
G. First of all remark that the meet and the join of (two) normal subgroups
of G are both normal in G. On the other hand, if X, Y are two subsets of G
and H is a subgroup of G containing X, then the following equality (called
the Dedekind law) holds:

XY ∩H = X(Y ∩H).

Therefore N(G) is a complete modular sublattice of L(G), called the normal
subgroup lattice of G.
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We denote by L̃(G) the set consisting of all conjugacy classes [H] of
subgroups H of G. On L̃(G) we define the following preordering relation: for
[H1], [H2] ∈ L̃(G), put [H1] ≤ [H2] iff there exists g ∈ G such that H1 ⊆ Hg

2 .
If G is finite or, more generally, if L(G) satisfies the maximal condition or
the minimal condition, then (L̃(G),≤) becomes a poset containing N(G) as
a sublattice, which is called the poset of conjugacy classes of subgroups of G.

2 Main results

We begin the study of (L̃(G),≤) by the remark that without supplementary
assumptions of the above type this is not a poset, as shows the following
example.

Example. Let p be a prime, A be a group isomorphic to the additive group
of the rational numbers of the form mpm (m and n integers) and G be the
semidirect product of A by an infinite cyclic group 〈x〉 with x acting on
A via ax = ap2

, for all a ∈ A. Consider a nontrivial cyclic subgroup H
of A. Then H is conjugate to Hp2

, but not to Hp. Therefore we have
[H] = [Hp2

] ≤ [Hp] ≤ [H], but [H] 6= [Hp].

Even for finite groups, L̃(G) in general is not a lattice (see the case of
the alternating group of five symbols) and so all the nice lattice properties
defined by equations do not apply to L̃(G). Hence R. Brandl, G. Cutolo and
S. Rinauro weaken in [4] the notion of distributivity for an arbitrary poset.
They call a poset (P,≤) predistributive if it satisfies the Jordan–Dedekind
chain condition and does not contain a subset {a, b1, b2, b3, c} such that bi 6= bj

for all i 6= j and a < bk < c, k = 1, 3, are maximal chains in P . It is clear
that every distributive lattice is predistributive. Also, a predistributive poset
doesn’t need to be a lattice, and even if it is a lattice, it doesn’t need to be
distributive. Note that for the lattice N(G) the predistributivity is equivalent
to the distributivity. This might also hold for L̃(G).

Theorem 1 (R. Brandl, G. Cutolo, S. Rinauro [4]). For a finite group G,
the following conditions are equivalent:

a) L̃(G) is predistributive.

b) All Sylow subgroups of G are cyclic.

c) L̃(G) is isomorphic to the lattice of all divisors of |G|.

c) L̃(G) is a distributive lattice.
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Proof. a) =⇒ b) The Jordan–Dedekind chain condition for L̃(G) implies
that all maximal chains of subgroups of G have the same length. Then G
is supersolvable. By way of contradiction, assume that G has a noncyclic
Sylow p–subgroup S. As G is supersolvable, at the expense of replacing G
by a quotient, we may suppose that S is normal and elementary abelian of
rank 2. The second condition in the definition of predistributivity yields that
the p + 1 subgroups of order p in S are divided into at most two conjugacy
classes in G. Since one of these subgroups is normal, the other p subgroups
must be conjugate. This is impossible, because S is abelian and p does not
divide |G/S|.

b) =⇒ c) Let n = pα1
1 pp2

2 ...pαk
k be the decomposition of n = |G| as a pro-

duct of prime factors and choose, for every i = 1, k, a Sylow pi–subgroup Si of
G. Then it is easy to see that the map ϕ : [H] ∈ L̃(G) 7−→ (H1,H2, ..., Hk) ∈

k×
i=1

L(Si) (where Hi is a Sylow pi-subgroup of H contained in Si, i = 1, k) is

well–defined and, moreover, it is a poset isomorphism. Since L(Si) ∼= Lp
αi
i

,

i = 1, k, it obtains that L̃(G) ∼=
k×

i=1
Lp

αi
i

∼= Ln.

c) =⇒ d) and d) =⇒ a) Obvious.

The next two theorems show that also for polycyclic-by-finite groups and
for Černikov groups, the poset of conjugacy classes of subgroups is predis-
tributive iff it is a distributive lattice and gives the structure of such groups
G with distributive L̃(G).

Theorem 2 (R. Brandl, G. Cutolo, S. Rinauro [4]). Let G be a polycyclic-
by-finite group. Then the following conditions are equivalent:

a) L̃(G) is predistributive.

b) Either G is infinite cyclic or G is finite and all Sylow subgroups of G
are cyclic.

Theorem 3 (R. Brandl, G. Cutolo, S. Rinauro [4]). Let G be a Černikov
group. Then the following conditions are equivalent:

a) L̃(G) is predistributive.

b) The Sylow subgroups of G is either locally cyclic or isomorphic to the
locally dihedral 2-group D2∞ or to the group

Q2∞=
〈
x, a1, a2, ..., an, ...|x2=a1, a

2
1=e, a2

i+1=ai, a
x
i+1=a−1

i+1, for all i∈IN〉 .
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c) L̃(G) is a distributive lattice.

By the above results it obtains immediately the next corollary.

Corollary 4. Let G be a finite group with cyclic Sylow subgroups. Then two
subgroups of G are conjugate if and only if they have the same order.

In the following we shall prove that certain classes of finite groups are
characterized by the ranked partially ordered set of conjugacy classes of their
subgroups. More exactly, assume that G1 and G2 are two finite groups such
that L̃(G1) ∼= L̃(G2) and some information on the group G1 are given. Under
these assumptions, we shall investigate the structure of G2 and, in particular,
when we have G1

∼= G2. Of course, there exist nonisomorphic finite groups
G1 and G2 with L̃(G1) ∼= L̃(G2) (for example, all cyclic groups of prime order
have isomorphic posets of conjugacy classes and also, if p and q are primes
such that q divides p−1, the cyclic and the nonabelian group of order pq have
this property). The situation is better if one of the two groups is a noncyclic
p–group, as shows the next theorem.

Theorem 5 (R. Brandl [3]). Let G1 and G2 be two finite groups satisfying
L̃(G1) ∼= L̃(G2). If G1 is a noncyclic p-group, then G2 is also a noncyclic p-
group and we have |G1| = |G2|. Moreover, G1 and G2 have the same minimal
number of generators and are of the same exponent.

In order to prove Theorem 5, we verify some auxiliary results. The first
shows that supersolvability of a finite group can be read off from its conjugacy
classes.

Proposition 6. Let G1 and G2 be two finite groups such that L̃(G1) ∼=
L̃(G2). If G1 is supersolvable, then G2 is also supersolvable.

Proof. Since G1 is supersolvable, all maximal chains of subgroups between
{e1} (where e1 is the identity of G1) and G1 are of the same length. The
same holds for L̃(G1) and so for L̃(G2). From [12], page 9 (or [7], I, page
719), it obtains that G2 is supersolvable.

Note that, in general, nilpotency of a group cannot be read off as can be
seen from the following example: let p and q be primes such that p divides
q − 1, G1 be the cyclic group of order pq and G2 be the nonabelian group of
the same order; then G1 and G2 have isomorphic posets of conjugacy classes,
but G1 is nilpotent, while G2 is nonnilpotent. A similar conclusion does not
hold if we assume that G1 is a p-group.
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Proposition 7. Let G1 and G2 be two finite groups such that L̃(G1) ∼=
L̃(G2). If |G1| = pa for some prime p and a ∈ IN, then either G2

∼= ZZ qa for
some prime q or |G1| = pa = |G2|.

Proof. Our proposition will follow immediately from the next stronger state-
ment:

(∗) If L̃(G2) is isomorphic to an interval of the form [[K]/[H]] of L̃(K),
where K is a p-group, then G2 is of prime power order.

Proposition 7 has three immediate consequences.

Corollary 8. Let G1 and G2 be two finite groups such that L̃(G1) ∼= L̃(G2).
If G1 is noncyclic of order p3 for some prime p or noncyclic of order 16, then
G1

∼= G2.

Corollary 9. Let G1 and G2 be two finite groups such that L̃(G1) ∼= L̃(G2). If
G1 is dihedral group, a quaternion group or a semidihedral group of 2–power
order, then G1

∼= G2.

Corollary 10. Let G1 and G2 be two finite groups such that L̃(G1) ∼= L̃(G2).
If G1 is p-group, then G1 and G2 have the same minimal number of genera-
tors.

The last step into the proof of Theorem 5 is constituted by the following
proposition, which shows that the exponent of a noncyclic p-group G can be
read off from L̃(G). In order to prove this, we deal with cyclic subgroups S of
G and show that they can be determined. A necessary condition for S to be
cyclic is that the interval [[S]/[{e}]] of L̃(G) consisting of the G–conjugacy
classes of subgroups contained in S is a chain. This implies for an arbitrary
finite group G that S must be a p-group. Remark also that, in general, S
need not be cyclic.

Proposition 11. Let G be a finite p-group and S be a subgroup of G. Then
the following conditions are equivalent:

a) S is cyclic.

b) [[S]/[{e}]] is a chain.

c) [[S]/[{e}]] contains precisely one maximal element.
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Proof. The implications a) =⇒ b) and b) =⇒ c) are obvious. To show
c) =⇒ a), let us assume that S is noncyclic. Then S contains a normal
subgroup T such that S/T ∼= ZZ p×ZZ p. Choose k maximal with respect to
S ∧ Zk(G) ⊆ T. Then S ∧ Zk+1(G) is not contained in T and so there exists
an element a ∈ (S ∧ Zk+1(G)) \ T . It is clear that A = 〈a, T 〉 is a maximal
subgroup of S. If Ag ⊆ S for some g ∈ G, then a ∈ Zk+1(G), and thus
ag = ax for some x ∈ Zk(G). It results x = a−1ag ∈ S ∧ Zk(G) ⊆ T ,
therefore AgT/T = 〈ag〉T/T = 〈a〉T/T = A/T , which implies that T ⊆ Ag

and A = Ag. Since S/T ∼= ZZ p×ZZ p, [S] contains at least one maximal element
[B] 6= [A] with T ⊂ B ⊂ S, a contradiction against c).

Our next aim is to show that noncyclic abelian p-groups G can be cha-
racterized by L̃(G).

Theorem 12 (R. Brandl [3]). Let G1 and G2 be two finite groups satisfying
L̃(G1) ∼= L̃(G2). If G1 is a noncyclic abelian p-group, then G1

∼= G2.

Proof. First of all remark that it is sufficient to prove that G2 is also abelian.
Indeed, then, the posets of conjugacy classes coincide with the subgroup
lattices and, by Proposition 11, cyclic groups and their orders can be read
off. From this, it is easy to determine the decomposition into a direct sum
of cyclic groups and the result then follows.

We now discuss some reductions concerning the structure of a minimal
counterexample G2 to our theorem. By Theorem 5, G2 is a p-group. We
may assume that G′

2 is the unique minimal normal subgroup of G2. Then
all conjugacy classes of elements in G2 are of length at most p. A similar
statement holds for the subgroups of order p. Moreover, G2 contains exactly
one class of length 1 consisting of subgroups of order p, since Z(G2) is cyclic.
On the other hand, there exists a normal subgroup N of order p in G1 such
that L̃(G2/G′

2) ∼= L̃(G1/N). By induction, we have G2/G′
2
∼= G1/N .

We now determine the order of Ω1(G2). Let r = rp(G1) be the minimal
number of generators of G1. Then rp(G1/N) ∈ {r, r − 1}. Since G2/G′

2 and
G1/N are isomorphic, we have rp(G2/G′

2) = r or r− 1, whence the order pr0

of Ω1(G2) satisfies pr0 ≤ pr+1.

Case 1. Ω1(G2) is of exponent p.
By the above, all subgroups of order p in G2 which are distinct from G′

2

have precisely p conjugates in G2. Denote by a(G2) the number of conjugacy
classes of subgroups of order p in G2 (note that a(G2) coincides with the
number of atoms in L̃(G2)). Then:

a(G2) = 1 +
1 + p + · · ·+ pr0−1 − 1

p
= 2 + p + p2 + · · ·+ pr0−2.
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If r0 = r + 1, then a(G2) > a(G1) = 1 + p + p2 + · · · + pr−1 and if r0 ≤ r,
then a(G2) < a(G1), a contradiction.

Case 2. Ω1(G2) is of exponent > p.

G2 is of class 2. Therefore, if p is odd, then G2 is regular and, by [57], I (see
page 324), we are in Case 1. Hence p = 2 and exp(Ω1(G2)) = 4. Let j be the
number of involutions in G2. As in Case 1, we have:

a(G2) = 1 +
j − 1

2
= a(G1) = 2r − 1,

which implies that j = 2r+1 − 3. It follows that Ω1(G2) is of order 2r+1

and it contains exactly two elements of order 4. Consider x be such an e-
lement and set X = 〈x〉 . Clearly, X is normal in G2. Let y ∈ G2\X be
an involution. Then xy is of order 2 and so y inverts X and D = 〈x, y〉 is a
dihedral group of order 8. If D 6= Ω1(G2), then we consider a third involution
z ∈ Ω1(G2)\D. It results yz /∈ D and, using the above argument, both z and
yz invert X. Hence y centralizes X, a contradiction. Thus Ω1(G2) = D is
dihedral. Clearly, D 6= G2 and so we can consider a subgroup E of G2 with
|E : D| = 2. Then E is nonabelian and contains precisely five involutions.
An inspection of all groups of order 16 shows that E must be a semidihedral
group, but then E contains two classes of involutions, against a(G2) = 3.
This contradiction completes our proof.

Another class of groups which can be characterized by their posets
of conjugacy classes of subgroups is constituted by noncyclic metacyclic p-
groups. For these groups a result similar to Theorem 12 holds.

Theorem 13 (R. Brandl [3]). Let G1 and G2 be two finite groups satisfying
L̃(G1) ∼= L̃(G2). If G1 is a noncyclic metacyclic p-group, then G2 is also
metacyclic.

In order to prove Theorem 13, we establish first a lemma concerning to
the structure of factor groups of nonmetacyclic p-groups.

Lemma 14. Let G be a p-group. If G is not metacyclic, then either G has
a factor group isomorphic to ZZ p×ZZ p×ZZ p or to one of the following groups:

a) the nonabelian group Qp of exponent p and order p3 (p > 2),

b) the group Q2 =
〈
a, b | a4 = b4 = 1, (ab)2 = (a−1b)2 = 1

〉
of order 16

(p = 2).
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As the factor groups of metacyclic groups are also metacyclic, by the
above lemma it follows immediately the next characterization of metacyclic
p-groups.

Proposition 15. A finite p-group G is metacyclic if and only if G does not
have a quotient isomorphic to ZZ p×ZZ p×ZZ p, to the nonabelian group of order
p3 and exponent p (p > 2) or to the group of order 16 (p = 2) having the
following presentation

〈
a, b | a4 = b4 = 1, (ab)2 = (a−1b)2 = 1

〉

Corollary 16. A finite 2-group G is metacyclic if and only if G/G4 is
metacyclic.

A well–known result due to B. Huppert (see [7], I, page 338) asserts that
a group of order pn (p > 3) which has at most p + 1 subgroups of order pr

for some r with 1 ≤ r ≤ n − 2 is necessarily metacyclic. Using Proposition
15, we can prove an analogue for conjugacy classes.

Corollary 17. Let G be a group of order pn. If G contains at most p + 1
conjugacy classes of subgroups of order pn−2 for p 6= 2 or at most 6 for p = 2,
then G is metacyclic.

Now, we return to the proof of Theorem 13 and consider an isomorphism
of ordered sets ϕ : L̃(G2) → L̃(G1). By Theorem 5, G2 is a p-group. Assume
that it is not metacyclic. Theorem 5 implies that G2 can be generated by
two elements. Then Lemma 14 yields that there is a normal subgroup N of
G2 such that G2/N ∼= Qp.

Case 1. p is odd.
Choose two noncentral and nonconjugate subgroups S1/N, S2/N of order p
of G2/N. Then S1/N and S2/N generate G2/N. Let [Ai] = ϕ([Si]), i = 1, 2,
and [R] = ϕ([N ]). Thus the interval in L̃(G1) with end points [R] and [G1]
is order–isomorphic to L̃(Qp).

Next we prove that R is normal in G1. Since [Ai] is an upper neighbour
of [R] for i = 1, 2, it obtains that R is normal in some conjugate of A1 and of
A2. This implies [Ai] ≤ [NG1(R)] and so ϕ−1([NG1(R)]) ≥ ϕ−1([Ai]) = [Si],
i = 1, 2. If follows that ϕ−1([NG1(R)]) = [G2], which means NG1(R) = G1.
Hence R is normal in G1.

Remark now that the metacyclic group G1/R of order p3 has the same
poset as Qp. Since a metacyclic p-group contains at most p + 1 conjugacy
classes of subgroups of order p, it results that Qp satisfies this property. But
Qp contains p + 2; contradiction.

Case 2. p = 2.
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Let B/N = Ω1(G2/N) and set [C] = ϕ([B]). Note that it is easy to verify that
the group Ω1(Q2) is elementary abelian of order 8 and contains five subgroups
of order 4 which are pairwise nonconjugate in Q2. Then B contains at least
five maximal subgroups and the same holds for C. Therefore the 2-group C
cannot be generated by two elements. But C is a subgroup of the metacyclic
group G1, and hence can be generated by two elements; contradiction.

Mention that Theorem 13 was later improved by R. Brandl and L. Ver-
ardi. Under the same hypotheses as in Theorem 13, they show that G1

∼= G2

(see the main theorem of [5]).
An interesting method to obtain results of the same type as those pre-

sented in the previous theorems was developed by M. Mainardis (see [8]).
For two finite groups G and U such that U acts as a set of automorphisms on
L(G), he considered the set L̃(U,G) consisting of all U–orbits [H]U = {Hu |
u ∈ U} of subgroups H of G, endowed with the following partial ordering:

[H1]U ≤ [H2]U iff Hu
1 ⊆ H2 for some u ∈ U

and called the U–frame of G. Mention that, for an arbitrary subset S of
L̃(U,G), we shall use the next notations:

• S< = {[H]U ∈ L̃(U,G) | [S]U ≤ [H]U , for any [S]U ∈ S},
• S> = {[H]U ∈ L̃(U,G) | [H]U ≤ [S]U , for any [S]U ∈ S},
• S+ = the set of minimal elements of S<,

• S− = the set of maximal elements of S>.

Also, for [H1]U , [H2]U ∈ L̃(U,G) such that [H1]U ≥ [H2]U , we shall denote by
[[H1]U : [H2]U ] the set {[H]U ∈ L̃(U,G) | [H1]U ≥ [H]U ≥ [H2]U}. Finally,
given a subgroup H of G, if U = G and there is no ambiguity, we shall write
[H] instead of [H]G.

In particular, if U = {e}, then the {e}–frame is L(G) and, if U = G and
G acts via conjugation on L(G), then the G-frame is L̃(G). For brevity, we
shall call the G-frame of a group G simply the frame of G. As we showed
above, the structure of the frame of a finite group G determines in many
situations the isomorphism class of G. Other such situations will be presented
in the following. First Mainardis obtained a characterization of maximal
chains of the poset L̃(U,G) in the case when G is a finite p-group and U is
a subgroup of G which acts on L(G) by conjugation (see Section 3 of [8]).
If U is trivial, this yields a lattice–theoretic characterization of a chief series
of G and, as a corollary, the well–known fact that for every L–isomorphism
between p-groups there exists a chief series which is mapped onto a chief
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series. If U = G, a characterization of normal subgroups in L̃(G) is obtained,
too. Another important result of [8] gives necessary and sufficient conditions
for a subgroup N of G in order to be U–invariant (see Theorem 4.5).

Consider now the set I(U,G) consisting of all U–invariant elements of
L(G). Clearly, I(U,G) can be seen as a subposet of L̃(U,G), which is a
lattice with respect to the same order relation as L̃(U,G). Therefore, given
an arbitrary set S of elements of L̃(U,G), there is a unique minimal element
[N ]U of I(U,G) ∩ S<. In this case we shall say that N is generated by S. It
is easy to verify the next lemma.

Lemma 18. With the same notations as above, if N is generated by S, then
N = 〈S | [S]U ∈ S〉 .

Remark. Let [C]U be a cyclic class in L̃(U,G). Then, for every positive
integer i, [Cpi

]U is the unique class [X]U such that [[C]U : [X]U ] has length
i.

Corollary 19. With the same notations as above, for every positive integer
i, the following statements hold:

a) [Gpi
]U is generated by the set {[Cpi

]U | [C]U ∈ L̃(U,G) and [C]U is
cyclic}.

b) [Ωi(G)]U is generated by the set {[D]U | [D]u ∈ L̃(U,G), [D]U is cyclic
and [Dpi

]U = [{e}]U}.
A class G of groups is called frame–determined if, for every G1 ∈ G and

every group G2 such that L̃(G1, G1) = L̃(G2, G2), we have that G2 ∈ G.
Different frame–determined classes of groups will be presented in the fol-
lowing propositions. Since a p-group G is of maximal class iff the set of
normal subgroups of G contained in Φ(G) is fully ordered by inclusion and
Φ(G) has index p2, we have the following proposition.

Proposition 20 (M. Mainardis [8]). p-groups of maximal class are frame–
determined.

Other frame–determined class of p-groups is constituted by powerful p-
groups (recall that a p-group is said to be powerful if Gpi ⊇ G′, where i = 1
for p 6= 2 and i = 2 for p = 2).

Proposition 21 (M. Mainardis [8]). Powerful p-groups are frame–determined.

A subgroup A of a group G is called rigid in G if A is abelian and all
subgroups of A are normal in G. The next lemma gives us a characterization
of the (maximal) classes in L̃(G) which contain a rigid subgroup.
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Lemma 22. Let G be a p-group and A be a subgroup of G. Then [A] is rigid
if and only if [[A] : [{e}]] is contained in I(G,G) and is isomorphic to the
subgroup lattice of an abelian p-group.

Using Lemma 22, we can now prove the next proposition.

Proposition 23 (M. Mainardis [8]). Modular p-groups are frame–determined.

Proof. It is well-known that the finite modular p-groups are the groups
which contain a rigid subgroup A with a cyclic supplement C and if p = 2
either the elements of order 4 in A are central, or they are Dedekind groups.
So, by Proposition 11 and Lemma 22, our result follows immediately for odd
primes p. A p-group G is a Dedekind group iff all its subgroups are normal,
that is iff L̃(G) = I(G,G). If G is a 2-group which is not Dedekind, then G
has noncentral elements of order 4 contained in A iff it has a factor group
isomorphic to Q8 or to the dihedral group D8, that is iff there is an element
[N ] ∈ I(G,G) such that [[G] : [N ]] is isomorphic to L̃(Q8) or to L̃(D8). Since
Q8 and D8 are determined up to isomorphism by their frames, our proof is
finished.

Note that the isomorphism class of a modular p-group is uniquely deter-
mined by the order of the power automorphism induced on A by a generator
of C. If we choose A to be maximal among the rigid subgroups of G, then it
is easy to see that this order is precisely min{exp(A)/|A ∧ C|, |C|/|A ∧ C|}.
By Proposition 11, Corollary 19 and Lemma 22, all these facts may be de-
termined from the frame of G. This proves the following result.

Proposition 24 (M. Mainardis [8]). The isomorphism class of a finite mod-
ular p-groups are frame–determined.

Given a class G of groups, we can construct the class G of all finite groups
whose frame is isomorphic to the one of a group of the class G. We shall call
G the closure of G and we shall say that G is closed if G = G. As we saw
above, the classes of finite p-groups, finite abelian p-groups, metacyclic p-
groups, p-groups of maximal class or finite modular p-groups are closed. An
example of a nonclosed class of groups is represented by finite cyclic groups
(from Theorem 1, the closure of this class is the class of finite groups with
cyclic Sylow subgroups).

Our last goal is to determine the closure of the class of finite abelian
groups. First of all we mention without proofs some auxiliary results.

Lemma 25. Let G be a finite group.
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a) If πG : L(G) −→ L̃(G) is the map which sends each subgroup of G in
its conjugacy class, then πG is a poset epimorphism. Moreover, πG is
an isomorphism, if and only if G is abelian or hamiltonian.

b) If K is a subgroup of G and H a subgroup of K such that G = NG(H)K,
then [H]K = [H]G.

c) If H is a normal subgroup of G, then L̃(G/H) is isomorphic to the
interval [[G]G : [H]G] of L̃(G).

Lemma 26. Let H1 and H2 be two subgroups of a finite group G. Then, for
every element c ∈ {[H1], [H2]}+ (respectively c ∈ {[H1], [H2]}−), there exists
g ∈ G such that c = [〈H1,H2

g〉] (respectively c = [H1 ∩Hg
2 ]).

Lemma 27. Let S be a Sylow p-subgroup of a group G such that all the
subgroups of S are normal in G. Then there is a poset isomorphism

ψ : L̃(G) −→ L̃(S)×L̃(G/S)

satisfying the following two properties:

a) ψ([H]G) ∈ L̃(S)×{[{eG/S}]G/S} if H is a p-subgroup of G.

b) ψ([H]G) ∈ {[{eS}]S}×L̃(G/S) if H is a p′-subgroup of G.

Now, we can prove the following theorem.

Theorem 28 (M. Mainardis [9]). Let G be a finite groups. Then there exists
an abelian group A and a poset isomorphism γ : L̃(G) −→ L̃(A) if and only
if G is a supersolvable T -group with abelian Sylow subgroups. In this case,
for every noncyclic Sylow p-subgroup S of G, the unique element R of γ([S])
is a Sylow r-subgroup of A whose subgroup lattice is isomorphic to the one of
S.

Proof. Assume first that γ : L̃(G) −→ L̃(A) is a poset isomorphism, where
A is an abelian group. By the way of contradiction, suppose that G is not a
supersolvable T–group with abelian Sylow subgroups and the order of G is
the minimum possible. In all our proof, for a normal subgroup H of G, we
shall denote by H∗ the unique element of γ([H]). If N is a nontrivial normal
subgroup of G, then we have:

L̃(G/N) ∼= [[G] : [N ]] ∼= [γ([G]) : γ([N ])] ∼= [[A] : [N∗]] ∼= L̃(A/N∗).

Since A/N∗ is abelian and N is nontrivial, the minimality of |G| implies that:
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(1) for every nontrivial normal subgroup N of G, G/N is a supersolvable
T–group with abelian Sylov subgroups.

Since L̃(G) ∼= L̃(A) ∼= L(A) and L̃(G) is finite, it obtains that L(A) (and
so L̃(G)) is a finite modular lattice. By Proposition 6, it follows that:

(2) G is supersolvable and L̃(G) is a finite modular lattice.

This implies that, for any two elements [H1], [H2] of L̃(G), there exists
a unique element in {[H1], [H2]}+ and a unique element in {[H1], [H2]}−,
which we denote, as usual, respectively with [H1]∨ [H2] and with [H1]∧ [H2].
Consider now the greatest element p of π(G) and let S be a Sylow p–subgroup
of G. Clearly, S is normal in G. We verify that:

(3) if H is a normal subgroup of S, then H is normal in G.

Suppose the assertion were false. Let q be the greatest prime such that
there are a q-element g of G and a normal subgroup H of S which is not
normalized by g. Since H is normal in S, we have p > q. Consider the set
Pq consisting of all primes which are greater than q and put N = OPq(G). It
is clear that N is a Pq-Hall subgroup of G. Let K be a P ′

q-complement of N
containing g. By the choice of q, we have that

(4) all elements of N normalize H,

and, because K ∼= G/N , which is a proper factor of G, (1) implies that

(5) all elements of K normalize 〈g〉 .
Let x ∈ G. Since G = NK, we can choose n ∈ N and k ∈ K such that

x = nk. From (4) and (5) it follows that:

〈g, Hx〉 =
〈
g,Hnk

〉
=

〈
g,Hk

〉
=

〈
gk,Hk

〉
= 〈g, H〉k .

By Lemma 26, we obtain:

(6) [H] ∨ [〈g〉] = [〈H, g〉].
Remark that we have H ⊂ 〈H, Hg〉 ⊆ S, therefore, as | 〈g〉 | and |S| are
coprime and S is normal in G, it obtains that:

[H] < [〈H,Hg〉] ≤ [S] ∧ [〈H, g〉] = [S ∧ 〈H, g〉] < [〈H, g〉] = [H] ∨ [〈g〉].

On the other hand, [〈g〉] ∧ [〈H, Hg〉] ≤ [〈g〉] ∧ [S] = [{e}] and so L̃(G) is not
modular, since

([H] ∨ [〈g〉]) ∧ [〈H, Hg〉] = [〈H, Hg〉] 6= [H] = [H] ∨ ([〈g〉] ∧ [〈H,Hg〉]).
This contradiction proves (3). Next we shall prove that
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(7) every subgroup of S is normal in G.

By (3), there exists a subgroup U of order p and normal in G. Since,
from (1), G/U is a supersolvable T -group with abelian Sylow subgroups, we
have that:

(8) every subgroup of S containing U is normal in G.

If U 6⊆ Φ(S), then S ∼= U×S/U , because U ⊆ Z(S). Since S/U is
abelian, S is also abelian and (7) follows from (3). Suppose now that:

(9) U ⊆ Φ(S).

We may assume that S/U is not cyclic (otherwise, by (9), S is cyclic and
we have nothing more to prove). Since L(S/U) ∼= [[S] : [U ]] ∼= [[S∗] : [U∗]] ∼=
L(S∗/U∗), by [11], Theorem 2.2.6, page 52, it obtains that |S∗/U∗| = |S/U |.
Moreover, we have that

(10) S∗/U∗ ∼= S/U and, in particular, S∗/U∗ is a p-group.

Because U is contained in all maximal subgroups of S, it follows that
U∗ ⊆ Φ(S∗) and (10) implies that:

(11) S∗ is an abelian p-group.

Let V be a cyclic subgroup of S. Then [[V ] : [{e}]] is a chain. Hence
L(V ∗) is a chain and V ∗ is cyclic. We prove now that:

(12) V is normal in G.

If U ⊆ V , then the assertion holds, by (8). Thus, we can assume that
U is not contained in V and V is not trivial. Then, since U is normal in
G, Lemma 26 shows that we have [U ] ∨ [V ] = [UV ] and [U ] ∧ [V ] = {e},
therefore:

(13) UV is a normal abelian subgroup of G of type (p, pα), where pα = |V |.
On the other hand, L(V ∗) ∼= [[V ∗] : [{0}]] ∼= [[V ] : [{e}]], L(U∗) ∼= [[U∗] :

[{0}]] ∼= [[U ] : [{e}]] and [V ∗∧U∗] = [V ∗]∧ [U∗] = γ([V ]∧ [U ]) = γ([V ∧U ]) =
γ({e}) = [{0}] (of course, by 0 we denote the identity of A). These relations
show that

(14) V ∗, U∗ are cyclic and U∗V ∗ ∼= UV .

Consider now a G–conjugate W of V . Then [V ] = [W ] and W is a
maximal subgroup of UV , because UV is normal in G. By (14), [[UV ] :
[{e}]] ∼= L(UV ). Hence, from (13), it obtains that there are exactly p + 1
maximal elements [V1] = [V ], [V2], ..., [Vp+1] in [[UV ] : [{e}]]. Since each one
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of these contain a maximal subgroup of UV and UV has exactly p+1 maximal
subgroups, for every i ∈ {1, 2, ..., p + 1} there is only one maximal subgroup
of UV which is contained in [Vi]. In particular, it follows that W = V and
V is normal in G. Then (7) holds.

By (1) and [10], 13.4.5, G is a supersolvable T–group and its Sylow
subgroups are abelian, since they are either isomorphic to S, which is abelian
by (7), or isomorphic to a Sylow subgroup of G/S, which is also abelian by
(1), the final contradiction.

Conversely, assume that G is a finite supersolvable T -group with abelian
Sylow subgroups. Denote by t the length of a Sylow tower of G and consider
a set of representatives S1, S2, ..., St of the conjugacy classes of the Sylow
subgroups of G. For each i ∈ {1, 2, ..., t}, let Ai be a group isomorphic to
Si. Since all Ai, i = 1, t, are abelian, it obtains that the direct product

A =
t×

i=1
Ai is abelian, too. By induction on t and using Lemma 27, we have

that there exists a poset isomorphism

γ : L̃(G) −→
t×

i=1
L̃(Si)

such that

γ([Si]) ∈ {[{e1}]S1}×{[{e2}]S2}× · · · ×L̃(Si)× · · ·×{[{et}]St},
for all i = 1, t (here, by ei we denote the identity of Si).

From Lemma 25 it is easy to see that we may construct a poset isomor-
phism

µ : L̃(G) −→ L̃(A).

Consider now another abelian group B and a poset isomorphism

η : L̃(G) −→ L̃(B).

Denoting by πA, πB the maps defined as in Lemma 25 and setting Ri =
[Si]ηπ−1

B , it follows that Ri is a direct factor of L(B), and thus:

(15) Ri is a Hall subgroup of B.

Since πBη−1µπ−1
A is a poset isomorphism, we have that L(Ri) = [Ri : {0B}] ∼=

[Ri : {0B}]πBη−1µπ−1
A = [Ai : {0A}] ∼= L̃(Ai) ∼= L(Si), i = 1, t. Hence Ri and

Si, i = 1, t, are L-isomorphic abelian groups and our proof is finished.

Remark. By the above theorem and [11], Theorem 2.2.6 and Theorem 2.6.8,
we have that if S is not cyclic, then R ∼= S and if S is cyclic, then R is also
cyclic and logp(|S|) = logr(|R|).
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